Abstract. The purpose of this paper is to study some geometrical and topological properties of Lyapunov function sets. These functions are very useful in control theory to solve stability problems. We focus our attention on the set of Lyapunov functions associated with continuous and discontinuous nonlinear systems.
Introduction
In the last few decades, there has been strong development of computational tools based on Lyapunov functions. Many such methods are based on convex optimization and solution of matrix inequalities, exploiting the fact that the set of quadratic Lyapunov functions for a given linear system is a convex cone. The structure of convex cones of matrices that are closed under matrix inversion and their connections with the algebraic Lyapunov equation is studied in [3] . In [11] , the authors consider convex cones associated with quadratic Lyapunov functions for hybrid linear systems. The convex cones are also used in [8] to solve the problem of a common solution to the Lyapunov equation for 2×2 complex matrices. Nevertheless, the set of Lyapunov functions associated with nonlinear systems has not been studied in the literature. In this paper, we propose to investigate some geometrical and topological properties of the set of general smooth and nonsmooth Lyapunov functions associated with continuous and discontinuous nonlinear systems.
The paper is organized as follows. After some useful notations and definitions given in section 2, geometrical and topological properties of Lyapunov function sets associated with continuous nonlinear systems are addressed in section 3. Section 4 is devoted to geometrical properties of Lyapunov function sets associated with discontinuous nonlinear systems. Finally, section 5 is dedicated to some possible applications.
Notations and definitions
A subset C of a real vector space E is a cone if it is closed under nonnegative scalar multiplication; i.e. for all α ∈ R ≥0 ,
A cone is convex if it is closed under addition; i.e.
A cone is pointed if
In the following, X denotes an open subset of R n containing the origin. A Fréchet space is a complete topological vector space whose topology is induced by a countable family of semi-norms. Let us recall that the set C k (X, R) is a Fréchet space for all k ∈ N∪ {∞} equipped with the countable family of semi-norms
where
Let us denote by PD (X) the set of all positive definite functions V : X → R ≥0 . PD (X)∪{0} is a convex cone in the set of all functions F (X, R n ), where 0 denotes the null function on X.
Let us recall the definition of the Dini derivative, which can be found in [4] . The upper right directional Dini derivatives of a function f : R n → R is defined by
If f is locally Lipschitz, we have
and if f is continuously differentiable, then
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Continuous systems
Let us consider the system
where f : X → R n is a continuous function such that f (0) = 0. For k ∈ N * ∪ {∞}, the set of smooth Lyapunov functions for continuous systems is defined bẏ
and the set of smooth strict Lyapunov functions for continuous systems is defined byL
Moreover, we denote
We have the following properties:
Remark 3.2. The setL k f (X) is nonempty if and only if the system (3.1) is asymptotically stable (see [6, 7] ). If there exists a quadratic Lyapunov function V (x) = x T P x for the system (3.1) where P is a positive definite symmetric n × n matrix, then the setsl k f (X) andL k f (X) are reduced to the finite dimensional convex coneṡ
of the set of matrices (see [3] for more details).
The set of nonsmooth Lyapunov functions for continuous systems is defined bẏ
and the set of nonsmooth strict Lyapunov functions for continuous systems is defined bẏ
Theorem 3.3.
Proof. We give the proof forL 
(2) By using the same reasoning, the result is obvious.
Property (1) of Theorem 3.1 is no more true for nonsmooth Lyapunov function sets. Indeed, in general for α ∈ N * we do not have
3.2. Topological properties.
Proof. Let us consider a convergent sequence {V
By using [13, Théorème I.2] we deduce that ∇V n converges uniformly on compact subsets of X to ∇Ṽ . In particular, for all x ∈ X, ∇V n (x) tends to ∇Ṽ (x). It implies that for all x ∈ X,
Remark 3.5. In general, we cannot prove thatL
and if we consider a convergent sequence
We cannot prove that the sequence ∇V n (x n ) converges uniformly on compact subsets of X because the sequence {x n } n∈N does not converge in general.
Discontinuous systems
Let F be a set valued function on X and consider the system
whereẋ denotes the right derivatives of x and 0 ∈ F (0). We suppose that F (x) is nonempty, closed, and convex for all x ∈ X and the function x → F (x) is upper semi-continuous. By virtue of the general theorem of existence for solutions of differential inclusions in [5, 1] , these assumptions are sufficient for the existence for x ∈ X of a solution φ x (t) of the system (4.1) (that is an absolutely continuous function defined on an interval and satisfying the inclusion almost everywhere), defined on an interval [0, d] 
{∞}, the set of smooth Lyapunov functions for discontinuous systems is defined bẏ
and the set of smooth strict Lyapunov functions for discontinuous systems is defined byL
The set of nonsmooth Lyapunov functions for discontinuous systems is defined byL
and the set of nonsmooth strict Lyapunov functions for discontinuous systems is defined bẏ
By using the same inequalities on the superior limit, we obtain the following result:
is nonempty for all k ∈ N∪ {∞} if and only if the system (4.1) is strongly asymptotically stable. For a precise definition of strong stability the reader may refer to [2] . If X = R n , the Lyapunov function must also be proper ; i.e. for every compact set K ⊂ R, V −1 (K) is compact (see [2] ).
Applications
For a Lyapunov function V : X → R ≥0 and α ≥ 0, the level sets are given by V α = {x ∈ X : V (x) ≤ α} and they define a stable region. To increase this stable region, it is not always possible to increase the α value due to the functioning domain of a real process. Nevertheless, it is possible to change the Lyapunov function in order to modify the geometrical form of the stable region. This can be used so as to:
• have a nonconvex region which cannot be obtained by using just a single Lyapunov function [10] , • estimate regions of asymptotic stability [12] . This is the reason why the fact that the Lyapunov function sets are convex cones is very important in order to combine several Lyapunov functions. If this result was commonly used in the literature for continuous systems with quadratic Lyapunov functions (see for instance [9] for a multi-robot system), then this paper highlights that it is also true for continuous-only Lyapunov functions and discontinuous systems.
